In this paper, we design an optimal robust control to address the problem of position tracking control for permanent magnet linear motor (PMLM). The uncertainties in PMLM system, including parameters uncertainty and external disturbance, are nonlinear and time-varying. The uncertainties are assumed to be bounded, and the bounds are described via fuzzy sets. Then, a model-based robust control in deterministic form is proposed. Furthermore, an optimal robust control for PMLM system is formulated as a fuzzy performance index optimization problem, which associated with both the fuzzy system performance and the control cost. The resulting optimal control can guarantee the uniform boundedness and uniform ultimate boundedness. Moreover, on the experimental platform, rapid controller prototyping cSPACE is designed to avoid long time programming and debugging, and provides great convenience for practical operation. Numerical simulations and real-time experimental results are finally presented to illustrate the effectiveness of the optimal robust control for PMLM.
I. INTRODUCTION
Permanent magnet linear motors (PMLM), eliminating the intermediate mechanical converters, have much superiority in contrast to their rotary counterparts. PMLM can be found in the widespread industrial applications on the occasion of high-speed or high-precision linear motion, such as machine tools, semiconductor manufacturing equipment, precision metrological instrument, and automatic inspection machines [1] , [2] . Due to the direct conversion of electromagnetic energy into linear motion, the effects of contact-type nonlinearities and disturbances such as backlash and frictional forces are greatly reduced. Thus, PMLM can reach a much higher speed and achieve a higher load positioning accuracy. However, as trade-off to the directdriven benefit, the inherent ability to restrain the influence The associate editor coordinating the review of this manuscript and approving it for publication was Corrado Mencar . of model uncertainties is diminished [3] , [4] . From the view of intelligent control design, there exist certain obstacles to achieve excellent position tracking control performance. Firstly, the dynamic model of PMLM is a representatively multivariable nonlinear system with inevitable friction force and electromagnetic force ripple. Secondly, external disturbances and incomplete modeling nonlinear dynamics are widespread in practical PMLM systems. Thirdly, the parameters of PMLM systems cannot be known accurately, but the precision of motion control is sensitive to model parameter perturbation. In recent years, the control issue of PMLM has attracted an increasing attention, and significant efforts have been devoted to improving the control performance of PMLM, see [5] - [7] and some references therein.
To address the problem of precise motion control for PMLM, various nonlinear control schemes have been employed, such as disturbance observer [8] , active disturbance rejection control [9] , model predictive control [10] , VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ sliding mode control [11] , [12] , iterative learning control [13] , [14] , neural-network-based control [15] , and adaptive robust control [16] , [17] . To specifically list a few, in [18] , H ∞ optimal feedback control was proposed to provide high dynamic stiffness to external disturbances. In [19] , a periodic adaptive compensation control was put forward. In [20] , adaptive-gain sliding mode observer was developed for sensorless control. In [21] , adaptive robust control (ARC) integrating traditional adaptive control and deterministic robust control can solve above problems. In [22] , an improved method was designed to identify various parameters in PMLM, utilizing a hysteretic relay feedback. In addition, intelligent controls have also been used to control linear motors, such as fuzzy control and neural network control [23] , [24] . Remarkably, a neural network learning ARC was designed with disturbance rejection ability [25] . In [26] , a multi-objective adaptive fuzzy observer was designed to handle assignment issues in sensorless control of induction motors.
In practice, there always exist parameter uncertainties and external disturbances, which are caused by their complex features of an actual PMLM mechanical system. The control of PMLM is particularly challenging on account of the limitation of conventional PID control in practical application domains. It is a common knowledge that the integral factor of PID method can be regarded as a typical disturbance suppression scheme. With the ever-increasing demands for designing a controller with anti-disturbance ability beyond PID, an active disturbance rejection control scheme inheriting the error-based characteristic from PID control was proposed [27] . Motivated by the fact that error-based and model-based disturbance rejection methods have been successfully applied in practice, a robust speed control for motor was designed in [28] based on both model and error. Robust control has significant advantages, such as strong robustness to parameter uncertainties and external disturbances, and simplicity of implementation. It has been proved that robust control is effective in coping with the uncertain nonlinear system. However, there is less research on how to optimize the robust control of PMLM system, which is extremely important in the practical engineering applications.
Considering the distinct advantages of PMLM and the reliability of robust control in coping with model uncertainties and exogenous disturbances, this paper aims to explore the optimal robust control design for position tracking of PMLM via an innovative description of the uncertainty. The parameter uncertainties and external disturbances of PMLM system are usually nonlinear time varying but bounded, and the fuzzy theory is one of the most effective approaches in handling the uncertainties. In the past, the majority of the efforts have been focused on the use of fuzzy reasoning for control, estimation, decision making, etc. [29] - [31] . Therefore, less attention has been attracted on the merge between the fuzzy theory and system theory (fuzzy dynamical system). Past efforts on fuzzy dynamical systems can be found in [32] , [33] , and many successful applications have been developed [34] , [35] .
In this paper, we utilize the fuzzy-set theory to describe uncertainties, and a fuzzy dynamical model of PMLM is first obtained. The uncertainty bound is prescribed within a fuzzy threshold, rather than an exact value. On this basis, a robust controller is designed, which integrates traditional PID control and deterministic robust control. Specifically, the uncertainties with a fuzzy description are assumed to lie within fuzzy thresholds. At first, a nominal model of PMLM is selected, and the remaining portion of the model is lumped into a function of φ as uncertainties and external disturbance. The designed controller consists of a PD feedback component and a robust design component with the scalar ρ in fuzzy upper bound of the lumped uncertainties. Regardless of the robust design component, the designed controller can be considered as a model-based PD control. Compared to the existed robust control, such as H ∞ control and adaptive robust control (ARC), the advantages of the proposed scheme are simple structure, small number of tuning parameters and easy tuning procedures. H ∞ control is not model-based and may be conservative for high-speed/high-accuracy tracking control [1] . The ARC strategy, which needs design and tune adaptive law, is still relatively complicated in practice. Most notably, robust controller is usually designed based on the worst case, which may increase the control cost [36] . While in our design, we can pursue the optimal gain through fuzzy-set theory, so as to achieve a balance between control performance and control cost. The optimal design idea is to minimize the performance index, which is related to the transient performance, steadystate performance and control cost of the system.
To summarize, the main contribution of this paper is to present the optimal robust control strategy for the position tracking of PMLM system, which can improve the system's performance and minimize the fuzzy-based system performance index. In our design process, we innovatively apply the fuzzy-set theory. First, we use fuzzy-set theory to describe uncertainties, and the fuzzy dynamical model of PMLM system is established. Second, a deterministic robust control scheme is presented, which can guarantee the practical stability (uniform boundedness and uniform ultimate boundedness) proved via the Lyapunov minimax approach. Third, based on the fuzzy description of uncertainties, optimal design problem can be formulated for the robust control by minimizing the performance index, which is characterized by meticulously blending the control cost and the average fuzzy performance. Furthermore, experiments need repeated tests to verify the effectiveness of the proposed scheme. To avoid long time programming and debugging, cSPACE which is based on the DSP,TMS320F28335 control card and MAT-LAB/Simulink is designed to realize the real-time control. Finally, simulation and experimental results are presented to verify the excellent performance of the proposed optimal robust control scheme.
In what follows, the layout of this paper is allocated as follows. Section II describes the fuzzy dynamical model. In section III, the robust controller design is presented in the first step. In the second step, the fuzzy optimal control design is formulated to guarantee the system performance and meanwhile ensure the control cost. Simulations and experimentations are carried out in section IV to show the effectiveness of the proposed approach. Section V summarizes all the work.
II. FUZZY DESCRIPTION OF PMLM SYSTEM
For PMLM system, the dynamic model can be approximately expressed by the following equations [1] :
where x represents the linear displacement,ẋ is the linear velocity andẍ is the linear acceleration accordingly, u is the input voltage as the control signal. M is the mass of the inertia load plus the coil assembly, which is given by
where R is the overall resistance between arbitrary two phases, m is the mass of sliding thrust block, and K f is the force produced by motor in Newton/Ampere units. The term of F is the lumped normalized effect of nonlinearities, which mainly consists of frictional forces F fric , ripple forces F ripple , applied load force F load , and external disturbance F d . The mathematical model of frictional force [2] is given by
where f v is viscous friction coefficient, f s is the Static Friction parameter, f c is the Coulomb Friction parameter, andẋ s is lubricant coefficient, which value may be fixed through empirical experiments. Apart from friction, the main factor affecting the servo performance of PMLM is the force ripple, especially when the motor runs at low speed. The force ripple generates due to cogging and reluctance forces presented in the structure of linear drives, and can be generally modeled as:
Higher harmonics in (4) are usually negligible, which can be ignored in the control. So the force ripple can be simplified as:
Considering the influence of uncertainty on PMLM system, we combine system theory and the fuzzy theory, and the dynamical model of PMLM system can also be described as:
where σ ∈ ⊂ R n is the uncertain parameter, and u ∈ R n is the control input voltage. The set ⊂ R n , which means the bound of σ , is assumed to be known and compact.
Remark 1: For PMLM system, we consider the frictional force F fric , the ripple force F ripple , the applied load force F load and external disturbance F d as the uncertain terms, which are usually (possible fast) time varying. We must stress that there is no restriction on the choice of the uncertain parameters. Therefore, there is a lot of freedom on the actual control design. These uncertainties are assumed to be bounded. As for disturbance suppression, the sliding mode control approach in [37] , [38] can be used to address this case well. In this paper, we consider disturbance as the uncertain term, which can be described by fuzzy set theory. Then the optimal robust control is proposed to handle uncertainties and disturbance suppression.
Let
whereF fric ,F ripple ,F load , andF d are the nominal portions, and F fric , F ripple , F load , and F d are the uncertain portions which depend on σ .
That is,
Remark 2: Definition 1 provides some fuzzy descriptions on the uncertainties F fric , F ripple , F load , and F d . Besides, the uncertain system (6) employing fuzzy description of uncertainty (i.e., Definition 1) is referred to as fuzzy dynamic system. The control objective is to design a controller for the fuzzy dynamical system (6) , such that the output displacement x tracks the reference motion trajectory as closely as possible in spite of various model uncertainties. Based on the fuzzy theory, we then propose the optimal control scheme.
III. OPTIMAL ROBUST CONTROL DESIGN A. ROBUST CONTROLLER DESIGN
We wish PMLM system to track a desired trajectory x d (t), t ∈ [t 0 , t 1 ], with the desired velocityẋ d (t) and the desired accelerationẍ d (t). Then, the output tracking error is: and
Thus conceptually, we should design a controller to render e(t) of PMLM system uniformly bounded and uniformly ultimately bounded. Moreover, the model of PMLM in (6) can also be expressed as:
Generally, PMLM system is affected by uncertainties due to the variations of F fric , F ripple , F load , F d . In order to decrease parametric uncertainties and improve performance, it is necessary to parameterize the state space-equation linearly with a set of unknown parameters. We now define a vector
Substituting equation (13) into equation (12), we then get
Remark 3:
The fuzzy numbersξ f ,ξ r ,ξ l , andξ d associated with membership functions can be calculated via the fuzzy arithmetic and the decomposition theorem based on the fuzzy description of uncertain (Definition 1). Unless otherwise stated, · always denotes the Euclidean norm (i.e., · 2 ). The norm ofξ andρ (i.e., ξ and ρ ) are scalars, which are denoted by ξ and ρ.
The problem to be addressed is to design a control law u(t), which ensures that the tracking error lies in the predetermined boundary. The method of guaranteeing prescribed performance bounds can be found in [39] . We now propose the deterministic robust control scheme for the fuzzy dynamic system (6):
where P, D are the proportional and differential control parameters, which inherit from traditional PID control.ˆ > 0 is any design parameter, and
where S > 0 is a constant. γ > 0 and ρ > 0 are the constant design parameters. The value of ρ is associated with the practical engineering application, while the choice of γ will be determined by the optimal gain design later. By analyzing our proposed controller (15) , the first seven terms are only for the nominal system, while the last term is to compensate the uncertainty. When uncertainty is not considered (i.e. without the last term), the control scheme can be called the nominal PD control (NPD). To distinguish for convenience, we titled our proposed control for ORC. Fig.1 shows the robust control block diagram of PMLM with uncertainties and disturbances compensation.
Theorem 1: Suppose that the control (15) is employed on the system (6) . Then the solution of the controlled system can guarantee the following performance.
1) Uniform boundedness: For any γ > 0 with
2) Uniform ultimate boundedness: For any γ > 0 with
Proof : Consider the following Lyapunov function candidate:
To demonstrate that V (ẽ) is indeed a valid Lyapunov function candidate for PMLM system, we need to prove that V (ẽ) is positive definite (globally) and decrescent. Based on Eq.
where
It can be easily verified that Ψ > 0. Then by letting
Due to the inequality relation as follows
Such that
where λ = max(M S + max(P + SD)), and λ is a strictly positive constant, we can conclude that V (ẽ) is decrescent. From (21) and (24), we have proved that V (ẽ) is a valid Lyapunov function candidate. Next, we demonstrate the stability of PMLM system. The time derivative of V (.) is given bẏ
By applyingë =ẍ −ẍ d and Eq. (11) , and then substitute (15) into the first term, combine (12), we geṫ
Since
and
Now substituting (27) and (28) into (26), and combine the Inequality (14), we can obtaiṅ
where λ 1 = min(min(PS), min(D)). That is,V is negative for all ẽ , once ensure the following condition:
whereξ = ξ 2 4 . Since all universes of discourses f , r , l , and d are compact,ξ is bounded. Furthermore, γ , λ 1 andˆ are crisp.Thus, V (ẽ, t) is negative for sufficiently large ẽ .
Therefore, the control (15) can guarantee the uniform boundedness and uniform ultimate boundedness of PMLM system (6) . The uniform boundedness is guaranteed with the following performance. That is, given any r > 0 with
Such that ẽ ≤ d(r) for all t ≥ t 0 . The uniform ultimate boundedness also follows. That is, for any d with
We can guaranteed the performance with
Such that ẽ ≤ d for all t ≥ t 0 + T (d, r) .
B. OPTIMAL CONTROL DESIGN
We have proposed a deterministic control scheme for PMLM system in Section III A., which can guarantee the system performance. We have presented that with the increase of γ , the uniform ultimate boundedness region size decreases.
In an extreme case, when γ tends to infinity, the size tends to zero, which is a very excellent performance. However, that is achieved through a (possibly) tremendous control effort. From the viewpoint of the practical engineering design, it is important to explore the control gain optimization for a compromise among various conflicting criteria. In this section, the control gain optimization is proposed with the fuzzy information of the uncertainty bound, which is formulated by minimizing a fuzzy-based performance index associated with both the system performance and the control cost. We first analyze the deterministic performance of the uncertain PMLM system. Define
and λ is defined in (24), λ 1 is defined in (29) , so χ > 0. With (36) in (29), the differential inequality can be represented asV
where ε =ξ + γˆ , with V 0 = V (t 0 ) = V (ẽ(t 0 )). By applying the analogous property of the differential inequality, we get
for all t ≥ t 0 . With the same analysis, we can also obtain, for arbitrary t i or arbitrary τ ≥ t i ,
with V i = V (t i ) = V (ẽ(t i )). The time t i is when the control arithmetic (15) is initially executed.
From Inequality (21), we can obtain
Substituting (39) into (40), we then get
The RHS of (41) represents the upper bound of ẽ 2 , which reflects the region of uniform ultimate boundedness. The components (ε, γ , τ, t i ) and ∞ (ε, γ ) can be regarded as transient-state performance and steady-state performance respectively. Besides, both (ε, γ , τ, t i ) and ∞ (ε, γ ) are dependent on ε. Although there is no knowledge of their exact values, their possible values can be expressed by known membership functions. We now propose a fuzzy performance index.
and the weighting factors β 1 > 0, β 2 > 0, while J 1 (γ , t i ), J 2 (γ ), J 3 (γ ) can respectively be regarded as the average value of the overall transient-state performance (via the fuzzy D-operation), the steady-state performance and the control effort. There is a trade-off and balance between the performance and the control effort. Thus, the objective of the optimal design is to seek γ > 0 in (15) so that the fuzzy performance index (44) is minimized. By (42), we can show that
Applying the D-operation, the fuzzy performance index can be rewritten as
The issue of optimal design can be expressed as the constrained optimization issue as follow: for arbitrary t i , min γ J (γ , t i ), subject to γ > 0.
(47)
Taking the following first order derivative, then
The fact that ∂J ∂γ = 0 leads to
Suppose D [ε] = 0, we have D [ε] > 0, D ε 2 > 0, χ 3 , χ 4 > 0, and therefore 2(χ 3 + β 1 χ 4 ) > 0 (note that β 1 , χ > 0). In addition, since χ 2 ≥ 0 and β 2 > 0, we can conclude that f (·) is strictly increasing in γ (let f (γ ) = 2β 2 γ 4 + χ 2 γ ). Thus, the solution γ > 0 to Eq.(49) always exists and is unique.
With (46), taking the second order derivative yields
As ∂ 2 J ∂γ 2 | ∂J ∂γ =0 > 0, the positive solution γ > 0 to the quartic Eq. (49) can make the fuzzy performance index (44) global minimum.
Next, we will explore the solution of the quartic Eq. (49), which depends on the following cubic resolvent.
Let κ 1 := −4p, κ 2 := −q 2 . The discriminant of the cubic resolvent can formulate as follow:
Since p < 0, > 0. The solutions of the cubic resolvent can be presented in the following form of
Then, the solution of the quartic Eq. (49) can formulate as follows:
where i = √ −1,
By previous analysis, the solution to the quartic Eq. (49) is positive (real) and unique. It implies that the maximum real solution γ 1 is the optimal solution of constrained optimization issue (47).
By mathematical analysis, the optimal solution γ opt can be represented as
With (49) in (46), the fuzzy performance index can be represented as
Substituting (57) into (59), the minimum cost can be presented as
with
The main advantage of fuzzy optimal control can be summarized as twofold. First, the proposed fuzzy optimal control can formulate analytically, which can provide a guideline for designers in the practical engineering. Second, the proposed fuzzy optimal control has the potential to be widely employed in mechatronic systems due to its lower computational burden and simpler implementation in practices. In what follows, we will illustrate the superiority and practical effectiveness by simulation and experiment.
IV. SIMULATION AND EXPERIMENTAL RESULTS

A. PARAMETERS CALCULATION AND SIMULATION RESULTS
The physical parameters, which is the inherent parameters of PMLM, depend on the type of the motor. In simulations, they are described as follows: m = 1.4Kg, R = 4.2Ohms,
The model coefficients of the frictional and ripple forces are given in accord with reference [1] , [2] , as following:
In this section, a sinusoidal signal, whose amplitude and frequency are 100 mm is 1 rad/s respectively, i.e., x d = 0.1sin(t), is adopted as the desired displacement.
Since 0 < e −(ẋ/ẋ s ) 2 < 1, and we assume F load , F d are far less than F fric based on practical experience. So we can set ρ = (f s −f c )e −(ẋ/ẋ s ) 2 < (f s −f c ) , here we choose ρ = 4,ˆ = 1, and S = 1. At last, we just need set P,D control parameters and calculate the optimal gain γ . Through a large number of repeated tests in the simulation program, we selected the optimal parameters setting P = 300, D = 3.
For the uncertainties, we choose: F fric is "close to 0.02 ", F ripple is "close to 0.001 ", F load , F d are all "close to 0 ", and associated with the membership functions 
Combining with the above section, the optimal design process can be concluded as follows:
• Step 1: According to φ in (12), choose ρ, and calculate ξ on the basis of (14).
• Step 2: Construct robust controller u(t) on account of (15).
• Step 3: Based on the V (ẽ, t) in (18) , solve for the λ in (24) . For selected S, P, and D, solve the value of λ 1 in (29) . Thus, χ is obtained in (36).
• Step 4: Calculate χ 1 , χ 2 , χ 3 , χ 4 in (46) by D-operation. • Step 5: Select weighting factors β 1 and β 2 , and then solve the value of the optimal gain γ opt in (57) and the minimum cost J min in (60).
• Step 6: The optimal robust controller is presented in (15) with the optimized gain γ opt in (57). According to the design steps, we obtain λ = 151.52, λ 1 = 3, and χ = 50.51. By mathematical calculation, we have χ 1 = 927.45, χ 2 = 34.36, χ 3 = 0.50, χ 4 = 0.02. We choose five sets of weighting β 1 and β 2 , the optimal gain γ opt and the relevant minimum cost J min are presented in Table 1 .
For comparison, we select PID control, which is widely employed in practical engineering application. Fig.2 shows the tracking displacement error curves with the proposed control (ORC) (under γ opt = 2.9594 when β 1 = β 2 = 1), the nominal PD control (NPD) (when uncertainty is not considered, i.e. the proposed control without the last term), and PID control. The tracking error curve with ORC reaches a much smaller region around 0 (hence ultimately bounded) than the tracking curve only with NPD. The PID control arrives a poor accuracy. Fig.3 shows the tracking displacement error curves for all five γ opt in Table 1 . The term of γ = 0 (not optimal, it's NPD control actually) is also shown for a comparison. It is worth noting that, as the increase of γ opt , the uniform ultimate boundedness region size decreases, and system performance is better.
B. EXPERIMENTAL PLATFORM AND EXPERIMENTAL RESULTS
The experimental test setup is shown in Fig.4 , which mainly consists of PMLM, grating displacement sensor, cSPACE control platform, computer with Matlab/Simulink, linear motor driver. The functional block diagram is shown in Fig.5 . The cSPACE control platform and MATLAB real-time workshop seamlessly integrate the whole development cycle into an environment, such that development stages between simulation and testing can be run and rerun without frequent re-adjustments. The specific operation steps of implementing the proposed control scheme is given.
• Step 1: The proposed control algorithm is programed offline on Matlab/Simulink software (Maltab R2017a or higher version).
• Step 2: Matlab/Simulink program is converted to C codes directly on cSPACE control platform via an automatically code generation software (offline). • Step 4: The designed control algorithm in the form of C codes is implemented in real time by DSP (TMS320F28335), while the instruction cycle is 6.67 ns, and the online processing capability is 150 MIPS (online). The general specification of the driver is listed on Table 2 . Due to the complexity of traditional controllers, in this experimental platform we utilized rapid controller prototyping cSPACE, which can provide an efficient development platform for real-time control algorithm [40] . The cSPACE system takes advantage of the C2000 DSP Embedded Target   TABLE 2 . The general specification of the driver. toolbox based on MATLAB R2017a. The toolbox integrates C2000 DSP processor and Texas Instrument sXpress DSP platform via the algorithms, which are developed by graphic method in Matlab/Simulink. Then code automatically generating online, the development of embedded systems, and rapid prototyping can be realized. The above technology provides a great facility to help the researchers in verifying the design and performance. The development flow chart of the cSPACE system is shown in Fig. 6 .
We conduct experiments on cSPACE control platform due to its significant features. Firstly, we don't need to learn additional software knowledges except Matlab, which is the develop environment for cSPACE. Secondly, it can real-time display four variables in operation interface and online modify 15 variables, and that is very suitable for the multi-variable dynamic model of PMLM and provides operability for the control of PMLM. Thirdly, the cSPACE control system only has 4 operation steps as listed above. The operation characteristic of simple interface provides great convenience for us to carry out experiments. Finally, variable data displayed in real-time can be automatically saved in TXT format, and then we can analyze and process historical data using the function of Matlab.
We utilize cSPACE platform to carry out experiments by the following steps. At first, the hardware platform should be prepared, and then open the controller model file in Simulink. By clicking on the button of "Build Model", it starts In the middle of the interface, 4 variables can be displayed graphically in real-time. We can input 15 variables and make on-line modifications in the right interface.
As that in the simulation part, the proposed optimal robust control (ORC), nominal PD control (NPD) and PID control are implemented on the experimental platform. The parameters of the controller are set to the same as the simulation part, and the sampled period h is set to 0.005s.
The same sinusoid trajectory is added as the reference. Fig.7 shows experimental comparison of the tracking displacement error with three control. Fig.8 shows the corresponding trajectories of the control effort. The experimental results also prove that, when the control effort of three control lie within a similar range, the performance of optimal robust control is superior to that of NPD and PID. Fig.9 shows the experimental results of PMLM's displacement error for all five γ opt in Table 1 . Fig.10 shows the experimental curves of PMLM's control effort. In order to explicitly display the results, we calculate the area enclosed by curves and coordinate axe (under different γ opt ). In Table 3 , E and C represent the area enclosed by the error curves and the control curves, respectively. We can also find that, with the increase of γ opt , the uniform ultimate boundedness region size decreases, which means the better performance. Meanwhile, with the increase of γ opt , the control cost is also reduced.
To demonstrate the effectiveness of the proposed control scheme more comprehensively, two other cases of experiments were conducted: 1) Dynamic performance
Step signal (i.e. x d = 0.2) is adopted as the reference signal. Fig.11 shows the experimental curves of tracking trajectory with a step reference. It can be concluded that the proposed scheme (ORC) can reach better steady-state performance and dynamic performance. Specifically, the steadystate errors of system are −0.0006 ∼ 0.0005mm(ORC), −0.004 ∼ 0.004 mm(NPD) and −0.016 ∼ 0.058 mm(PID).
2) Robustness to parameters' variations:
With the sinusoidal reference signal (x d = 0.1sin(t)), we conduct experiments in three situations, i.e., without payload, with 2kg, 4kg of extra payload. Changes in extra payload lead to changes in mass and friction. The experimental curves are shown in Fig.12 . It can be observed that the proposed scheme (ORC) has better robustness performance to the parameters' variations.
V. CONCLUSION
In this paper, we apply a novel fuzzy-set theory based optimal robust control for position tracking of PMLM. The uncertainties in PMLM system may be caused by the parameters uncertainty and external disturbance, and we describe the uncertainty bound with a fuzzy set. Then the robust control scheme is proposed in deterministic form. Furthermore, an optimal robust control design for PMLM system is formulated as a fuzzy performance index optimization problem, which is connected to both system performance and control effort. The resulting optimal control can guarantee the uniform boundedness and uniform ultimate boundedness. Simulation and experiment prove that the proposed optimal robust control can reach better performance. Moreover, on the experimental platform, rapid controller prototyping cSPACE is applied and succeed in avoiding long time programming and debugging, with great convenience for practical operation. Note that, the control design issues of the analogous uncertain nonlinear system can also be solved in our method. In contrast to the conventional control methods, the fuzzy set-theoretic method characterizes the uncertainty bound via the fuzzy set, which can provide more information about the uncertain system. The resulting optimal robust control based on this fuzzy information is more economical and practical. Further exploration on the optimal robust control for PMLM system considering the nonlinear electromagnetic field effect and high-frequency dynamics is also interesting and worth pursuing. if x ∈Ṽ α , and IṼ α (x) = 0 if x ∈ U −Ṽ α . Then the fuzzy set V is obtained as
where is the union of fuzzy sets (that is, sup over α ∈ [0, 1]).
Based on these, after the algebraic operations of fuzzy numbers via their α − cuts, one may apply the decomposition theorem to construct the membership function of the resulting fuzzy number. 4) D-operation: Consider a fuzzy set
For any function f : N → R, the D-operation D[f (ν)] is given by
In a sense, the D-operation D[f (ν)] takes an average value of f (ν) over µ N (ν). In the special case that f (ν) = ν, this is reduced to the famous center-of-gravity defuzzification method [34] . If N is crisp (i.e., µ N (ν) = 1) for all ν ∈ N , then D[f (ν)] = f (ν). He is currently a Professor with the George W. Woodruff School of Mechanical Engineering, Georgia Institute of Technology, Atlanta, USA. His research interests include fuzzy dynamical systems, fuzzy reasoning, and modeling and control of mechanical systems. VOLUME 7, 2019 
